THE HORMANDER AND MASLOV CLASSES AND FOMENKO'S 

CONJECTURE 



Z. TEVDORADZE 

Abstract. Some functorial properties are studied for the Hormander classes 
defined for symplectic bundles. The behaviour of the Chern first form on 
a Lagrangian submanifold in an almost Hermitian manifold is also studied, 
and Fomenko's conjecture about the behaviour of a Maslov class on minimal 
Lagrangian submanifolds is considered. 



Introduction 

In this work we are interestied in the characterustic classes of sympletic bundles 
and Lagrangian subbundles. One of such classes was discovered when studying 
asymptotic solutions of linear partial differential equations [1] and called a Maslov 
class. In [2] Arnold gives a pure geometric interpretation of the Maslov class. 

A generalization of the Maslov class to higher cohomological dimensions was 
defined by Arnold and studied in [3] . Another generalization of the above-mentioned 
classes is defined by Trofimov in [4], 

In [5] and [6] Hormander defined the cohomology classes <r(E; X, Y) e H l (M\ Z) 
for arbitrary sections X and Y of Lagrange's Grassmanian L(E) ^> M, where 
is a sympletic fibre bundle. These classes are discribed in [7]. 

In [8] Fomenko formulates a conjecture that all Maslov-Arnold characteristic 
classes of minimal Lagrangian surfaces are equal to zero, and this conjecture is 
proved when Lagrangian surfaces are submanifolds in M 2n — R 2n = C". 

The paper is organized as follows. In §1 we will describe the condition when 
the Maslov index £(7) is an even number for an arbitrary closed curve 7 in the La- 
grangian manifold (Theorem 1.1) and prove one functorial property for Hormander 
classes a(E; X, Y) (Theorem 1.3). In §2 a class of Lagrangian manifolds LH(M) is 
considered in an almost Hermitian manifold M with the following property: J*a H 
is an exact 1-form in each manifold from LH(M), where J is an almost complex 
structure and H is a mean curvature with respect to the inclusion in M. It is 
proved that c\n is an exact 2-form for the Lagrangian manifold N in the Hermitian 
manifold M and c\n = 0, if N £ LH(AI), where c is the first Chern form. The 
extended variant of Fomenko's conjecture on the class LH(M) also formulated and 
studied. This conjecture is proved for the class LH(T*Q n ), where Q n satisfies some 
additional condition (Theorem 2.8). 

In conclusion we note that it remains unknown whether Fomenko's conjecture is 
true or not in the general case and how much the class LH(M) extends the class 
of minimal Lagrangian submanifolds in M. 
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1. Construction of Maslov and Hormander Classes 

Let (V 2n ,iv) be a symplectic vector space over M. A real n-plane ( in V 2n 
is called a Lgrangian plane if the restriction of w on ( vanishes. By L(V) we 
denote Lagrange's Grassmanian which consists of all Lagrangian n-plancs. It is well 
known that if we have a fixed point X e L(V), then L(V) can be represented as a 
homogeneous space U(n)/0(n), where the orthogonal group 0(n) is cannonically 
imbedded in the unitary group U(n). 

Let us consider the fibre bundle 

SU(n)/SO(n) -» U(n)/0(n) d 4* S 1 , 

where the map det 2 is a fibre map and SU (n) / SO(n) is a fibre at the point 1 <G S 1 C 
C. The space SU (n)/SO(n) is simply connected; therefore the long exact homotopy 
sequence of fibre bundles implies that m(L(V)) = Z and hence Hi(L(V);Z) = 7L. 
From the formula of universal coefficients 

-» Ext(flb(L(V),Z)) -» H\L{V);Z) A Hom(ffi(L(V);Z);Z) -» 

(where (/!{/}){£* ® 5 J = £/(<*) ® ft, {/} € H\L{V);Z), {£ c, ® 3 J e 
ffi(L(y);Z)), we obtain tf^L^jZ) = 0. 

The differential 1-form (det 2 )*^^ is the generator of Z), where the 
form ^_ is the 1-firm on S 1 = {/gC : |z| = 1} C C. 

Definition 1.1. A class od cohomology which is defined by 1-form 
(det 2 )*2ffj is called a Maslov class. 

Definition 1.2. A submanifold N °-> y 2 ™ is called a Lagrangian manifold if the 
tangent plane at each point x € N is a maximal isotropic plane with respect to 
u x = w l Ta;V 2„: i-e-, ^x| Txlv = 0. 

For each closed curve 7 in N there is a map 

G: 7-^(10, G(a;) = (a;,r x JV), i£ 7 , (1.1) 
which is called Gaussian map. This map defines the integer 

.(7) = /(det 2 o Gr ^- (1.2) 

7 

and thereby the class of cohomology from H 1 (N;Z). This class does not depend 
on a choice of a Lagrangian plane X e L(V) and is called the Maslov class of a 
Lagrangian manifold N. 

Theorem 1.3. If Gaussian map G : 7 — > L(V) can be covered by the continuous 
map G : 7 — > f/(n), i.e., poG = G, wherep : U(n) — ► £(V) is ifte natural projection, 
then £(j) is an even number. 

Proof. First notice that the map det : U(n) — > S* 1 induces an isomorphism between 
the fundamental groups 7Ti({/(n)) and 7Ti(S' 1 ). Indeed, the long exact homotopy 
sequence of fibre bundles 

SU(n) -i U(n) ^ S 1 

contains the sequence 

m(SU(n)) h m(U(n)) (d ^* MS 1 ) ^ MSU(n)). 
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The map (det)* is an isomorphism, since SU{n) is a simply connected space. 
It is clear that the map 



"< s 'l 5 N-s/! £l 



is an isomorphism. The composition of (det)* and the above-mentioned map give 
the natural isomorphism 

^ (ll))3H „_L/*^) eZ . 

7 

The projection p : U(n) — > U(n)/0(n) defines the monomorpohism 

p* : ir\(U(n)) ► tti(L(V)), 

which is multiplication by 2. This statement immediately follows from the commu- 
tative diagram 

U(n) — -2—* U(n)/0(n) 



det det 



where k(z) — z 2 , z e S 1 C C. This monomorphism explicitly can be written as 

J_ MdotEQ |P . ; 1 y rf(dct 2 LQ 
2-zri 7 detC/ ' "2^7 det 2 [/ 

7 7 

where 7 is the closed curve is U(n). 

Now from the commutative diagram poG = G we have £(7) = [G(7)] = P*[G(7)], 
where [G( 7 )] e 7Ti(L(y)) and [G( 7 )] e 7Ti(f/(n)). Clearly, 

£(7) _ 1 f d(dctU) ^ t 



2iri J 



detU 

G(7) 



□ 



Remark 1.4. The experience accumulated in investigating various concrete me- 
chanical systems and calculations of the Maslov class for the Liouville tori of such 
systems show that an overwhelming majority of systems have got even numbers as 
components of the Maslov class [9], [10]. Theorem 1.3 describes the mechanism of 
such occurrence. 

Now we briefly recall the definition and construction of more general classes, 
namely, of Hormander classes [7] . 

Let X, Y, Z, W be four Lagrangian n-planes in V 2n such that ZDX = ZDY = 
{0} and W n X = W n Y = {0}. For them Hormander defined the index at the 
intersection 

(X, Y,Z,W) = - (sign Q z - sign Q z ) = indQ w - indQ w , (1.3) 

where Qz and Qw are nondegenerate quadratic forms on Y/X n Y defined by the 
formulas 

Qz{y) =u(pzy,y), Qw(y) = u{Pw(v),y) 
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(here an d Pw are the projections of Y/Y C\ X onto Z and W, respectively, 
accross X). The following relations immediately follow from (1.3): 



(X,Y,Z,W) = -(X,Y,W,Z), 

(X, Y, Z, W) + (X, Y, W, V) + (X, Y, V, Z) = 0, 

(X,Y,Z,W) = -(Z,W,X,Y). 



(1.4) 



Let E — > M be a symplectic vector fibre bundle, i.e., for each point to e A'/ 
there is a symplectic 2-form u) m on S TO which smoothly depends on m. Then we 
can consider the fibre bundle L(E) A M, where L{E) m = L(E m ). Now let X and 
Y be the sections of the bundle L(E), and U = {U a } ae i be an open covering of M 
such that all nonempty finite intersections are diffeomorphic to K™ (such a covering 
is called a good covering). Then for arbitrary ncighbouhoods U a and Up one can 
find sections Z a and of L(-E) on U a and E/jg, respectively, such that Z a (m) and 
Zp(m) are transversal to X(m) and Y(m) for each point to € U a P\ Up. In this 
situation the Cech 1-cocycle cr can be defined by the formula 



a(U a ,Up) = (X,Y,Z a ,Zp). 



(1.5) 



The cohomology class [cr] is called the Hormander class for a symplectic vector 
fibre bundle E and sections X, Y and denoted by a(E; X, Y) e ^(M; Z). 
From (1.4) and (1.5) one can conclude that 



a(E;X,Y) = -a(E;Y,X). 
Let [E',p', L(E)) be a pullback bundle of the bundle E to L(E): 



(1.6) 



£7' 



L(25) 





!,(£') 


s' 


p 


r 


V 


1- 


M 


L(£) 


7T 

^ M 



Then we can consider the fibre bundle L(E) ^ L(E) and the natural section 
T : C(£) — ► £(£' ) which is defined by the formula T(§) = §, where x g L(E) m and 
the fibres i£ m are identified. An arbitrary section S : M — > £(£7) can be lifted 
to the section S' : L(E) — > L(E') by the formula S'(x) — Sim), where x € L(E) m , 
to e M, i.e., if a; = (m, £) and 5(m) = (to, 77), then 5' (or) = (to, £,77) (here, as 
before, L(E') X and L(E) m are identified). 

One can verify that F*(S") = 5 and F*(T) = y for each section Y~ of the bundle 
L(E). 

It is not difficult to see that class [cr] has got the following functorial property: if 
(f*E, f*{p), Mi) is a pullback bundle of the bundle (E,p, M), where / : Mi -> M 
is a smooth map, then 

f*a(E; X, Y) = a(f*E; f*X, f*Y) (1.7) 
(f*X, f*Y are pullback sections of the sections X and Y by the map /). 
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The following equalities arise from (1.4) and (1.6): 

a(L(E');X',T)-a(C(£') ] y',T) = 

= a(L(E')-X',Y') G 6\L{E);Z), (1.8) 

a(E;X,Y)=Y*a(L(E');X',T). 

For each section X of the bundle L(E) there is a characteristic class ax defined 
by the formula 

a x =a(L(E);X',T) £ n x {L(E)-T), (1.9) 

such that 

i) the restriction of ex on a fibre L(E) m , m £ M, is the generator of H" 1 (L(i^) TO ; Z); 

ii) X*cr x = 0. 

The property ii) immediately follows from (1.8) and (1.6). Indeed, 
X*a x = X*a(L(E');X',T) = a(£;X*(X'),X*(T)) = a(£;X,X) = '. The first 
property is more difficult and can be found in [7]. 

To prove Theorem 1.6 we will use the following well-known theorem [11]. 

Theorem 1.5 (Dold Thom-Gysin). Let h* be a multiplicative cohomology the- 
ory and let F A E A B be an h* -fibration. Suppose there are elements a\,...,a r 
in h*(E) such that (i*a\, . . . ,i*a r ) is an h* (point) -base for h*(F) as an h*(point)- 
module; then (a\, . . . ,a r ) is an h*(B)-base for h*(B)-base for h*(E) as an h*(B)- 
module. 

Theorem 1.6. If X and Y are sections of the bundle L(E), and X' , Y' are the 

lifted sections of the bundle L(E'), then 

a(L(E);X',Y') = Tr*a(E;X,Y). (1.10) 

Proof. By virtue of the properties (i) and (ii) of the Hormander class ax and 
Theorem 1.5 we can write 

<ry = n*\j3(X,Y)] + k(X,Y)*x, (1.11) 
where f3(X,Y) is the closed 1-form on M and k(X,Y) £ 7L. Applying X* and Y* 
to both sides of (1.11) and taking into account (1.8) and (ii), we respectively have 

a(E;X,Y) = [f3(X,Y)} + k(X,Y).0=[f3(X,Y)}, (1.12) 

Y*a Y = [P(X, Y)] + k{X, Y)a(E; X, Y) = 0. (1.13) 

Now from (1.6), (1.12), (1.13) wc have obtain k(X,Y) = 1, and formula (1.11) 
acquires the form 

a Y = ir*{E;Y,X) + a X - (1.14) 
It is clear that (1.14) and (1.10) are equivalent equalities (see (1.8)). □ 

2. Fomenko's Conjecture 

Let M 2n be an almost Hermitian manifold, i.e., there exist a tensor field J and 
a Riemannian metric g on M, where J is an endomorphism of the tangent bundle 
TM with the property J 2 = —id and g is an invariant with respect to J, i.e., 
g(JX, JY) = g(X,Y) for all vector fields X,Y £ T(M) on M. The fundamental 
2-form on M is defined by the formula 

*{X,Y)=g{X,JY), X,Y£T{M). (2.1) 
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When $ is a closed 2-form, M is called an almost Kaehlerian manifold and $ is 
called an almost Kaehler form on M. In this case M is a symplectic manifold with 
a symplectic 2-form <£>. The converse is also true: for every symplectic manifold 
(M 2n ,oj) there exists an almost Hermitian structure on M such that the funda- 
mental 2-form of this structure coincides with the symplectic 2-form ui. Thus every 
symplectic manifold is an almost Kaehlerian manifold [12]. 

Now let N n be a Lagrangian submanifold in an almost Kaehlerian manifold 
M 2n , i.e., i*$ = 0, where i : N — > M is the imbedding map. By VN we denote 
the normal fibre bundle on N with respect to the metric g on M (i.e., V X N is a 
n-plane in T X M, which is orthogonal to T X N, x £ N), and by V we denote the 
Riemannian connection on M. We recall that the trace of the following morphism 
of the fibrations 

B : TN © TN — > VN, B(x, y) = (V X Y) V 

(where x,y £ T n N , n e N, and Y is the locally defined vector field on M which 
extends the vector y, Y\n is the section of TN, and (V ' X Y) V is the normal com- 
ponent of vector V X Y), which can also be considered as a section of the fibration 
VN, is called the mean curvative of the submanifold N and denoted by H. More 
precisely, if e\, . . . , e n is an orthobasis of the plane T n N and V is a locally defined 
vector field on M whose restriction on N is a section of VN and V(n) — v, then 
the mean curvature H is defined by the relation 

n 

g{H{n),v) = -Y J 9^e i V,e i ). (2.2) 

We recall that N ^ M is called a locally minimal submanifold if the mean 
curvature H is zero at every point of TV. From (2.1) we can conclude that the 
diagram 

is commutative. By a H we denote a section of the fibration A 1 {VN) (the fibration 
of the exterior 1-forms on VN) defined as 

a H {n){X) = g(H(n), X), n e N, X e V n N. (2.3) 

Definition 2.1. We say that the Lagrangian manifold N in M is locally minimal 
from the cohomological point of view if the 1-form = J*a H defines the trivial 
class of cohomology H 1 (N;M.). 

The class of the above-defined submanifolds is denoted by LH(M). 

In [13] Le Hong Van, relying on the calibrated geometry methods developed in 
the fundamental work [14], shows that there exists an 1-form ip on L(TM) such 
that the Lagrangian submanifold N in M is locally minimal if and only if 

G*(VO=0, 

where G : N — > L{TM) is the Gaussian map defined as G(x) = (x,T x N) e 
L(TM) X , x G N. 

Now we will briefly describe the 1-form ip. 

Let T x (M 2n ) be the complexification of the tangent space of M at point x, 
x e M 2n . By S x we denote a complex subspace of T x (M 2n ) which contains all 
eigenvectors of the operator J with the eigenvalue i. The unitary bases R c (x) — 
{si(x), . . . ,e n (x)} of the space S^(x) sonstruct the principal bundle U{M) over M, 
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with the strucrure group U{n). By Sj, . . . we denote the complex conjugate 
vectors of the vectors £\{x), . . . , e n (x). Then the vectors 

ei(x) = -^=(ei(x) +ej(x)), i = T~n, 

ej(x) = -j=(ei{x) - ej(x)) = Jei, i = l,n, 

make up families of orthonormal real vectors. 

An infinitesimal connection on the principal bundle U(M) is called an almost 
Hermitian connection on M. 

Let U — {U a } a< £i be the open covering of the manifold M, which is equipped 
with local sections S a :U a ^> U(M); then an almost Hermitian connection tt can be 
defined by the given f-forms ir a on U a , a £ I, with values in the Lie algebra u{n). 
We can express ir a in terms of the (ttj) - J= — matrix, where tt* are the 1-forms on 

U a and ttj +7f^ =0. If we define S a as S a (x) — R%(x), x e U a , then there exist 
metrices Bp (x) G U (n) such that 

S a {x)B$(x)= S p (x), 
= {Bp^itaBp + (Bp)~ 1 dBp, a,p€l, xeU a C\U . 

Frames of the type R c (x) and R c (x) — {sj(x), . . . , £n(x)} construct the principal 
bundle U'(M) on M with a structure group U(n) which is a subgroup in U(2n) 

by means of the imbedding A — ► ^ , A e U(n). Then the above-mentioned 

Riemannian connection V with respect to the metric g can be expressed on each 
open set U a by the matrix of 1-forms 

V, rri 

3 J 

tt] irl 

V 3 3/ 

where nl = 7r*-, 7T- = -Kj (since V is a real connection) and 7r - + tTj = (for Vg = 0). 

The matrices (ttj) (on each U a ) define an almost Hermitian connection which is 
called the first canonical connection for an almost Hermitian manifold M. 
From the first structure equations of E. Cartan we have 

d0 i = 9 k A 4 +<9 ¥ A 7r|, (2.4) 

where 3 — + i(Jej)* , j = l,n, k = l,n. (2.4) is equivalent to 

^ = ^A7r^+r^#A^ + iTi_#A^, i = M, k = L~n, q = T~n, 
where Y % - are the coefficients of the Riemannian connection with respect to frames 

kq 

from the space U'(M), and T±_ = Ti-T 1 -. Now we note that the forms Tl_6» r A0«, 

i = l,n, construct the vector 2-form on U{M) which coincides with the torsion 
vector T of an almost cemplex structure. By direct calculation (using the fact that 
rf$ = 0) we can obtain = 0. So (2.4) finally has the following view 

dB l = 9 k A Trjj. + ^ T|_# A 0«, i = T~n, k = L~n, q = T~n. (2.5) 
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By L(TM) we denote Lagrange's Grassmanian associated with the symplectic 
fibration TM A M. The map q : U(M) -> L(TM), defined as g((ei, . . .,£„)) = 
ei A • • • A e„ (here the multivector e\ A • • • A e„ is identified with the Lagrange n-plane 
span {ei, . . . , e„}) defines the principal bundle with the structure group 0(n). On 
the space U(M) there exists an 1-form 

^=-(l>* + 2Im (E^ r ))> ( 2 - 6 ) 

which can be expressed as a pullback form by the map q. Indeed, the 1-form n k 

k 

vanishes on the fibres of q : U(M) — ► L(TM) and is invariant under the action of 

the group 0{n) on U{M). Therefore the form ^in* can be pulled down on the 

k 

L(TM). It is easy to verify that 

E(^n = £ - T l / = 2 E T ht^ 

i i,k i,k i,k 

and if R a (x) = R p {x)A^{x), where A^{x) = {A<) v j=T ^ e O(n), a,0€l, then 

E(^n = E^'( £ r^) - E = E(^'). 

This means that the form 2 lm(Tj-9 k ) can also be pulled down and so there exists 
a 1-form ib on L(TM) such that 

^=g>. (2.7) 

When M is a Hcrmitian manifold (T = 0), the 1-form ^ on L(TM) has a simpler 
form [8] 

*P = Jdf + d9, (2.8) 
where / and are the locally defined functions on L(TM). 
Lemma 2.2. The diagram is commutative: 

where i is the imbedding map, G is the Gaussian map. 

Proof. Let x <G N, D be an open neighbourhood of x in N and Sd be a local section 
Sd ■ D — > U(M), Sd(x) — (si(x), . . . ,s n (x)). Let Sxi/ be the extension of Sd to 
the tubular neighbourhood D' of D in M; then a locally n-form on D' 

ip = Re(S* D ,(6 1 A<9 2 A---A0")), 

is a n-form of comass 1 on D' and <$\d = 1. If X e V^TV, n e TV, we have 



(-Xjdv?)(ei, . . . ,e„) = ^(-l) l e t ((^(X, ei, . . . ,e„)) + 
i=i 

+ X(^(ei, . . . ,e„)) + 

+ E( _1 )* + V([e»,ej],X, . ,e,, . . . ,e„) + 



+ E( _1 ) l ^^ x ' e 

jj, ei j . . . , 6i, . . . , e n J . 
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Since tp has comass 1, X(ip(ei, . . . , e„)) = 0, and X_np = for all X±T n N. Thus 
from the above equality we have 



(Xjdip)(e 1 , . . . ,e„) = ^(-l)V([-X",ei],ei, . . . , e it . . . , e n ) = 

i=l 

= -^2g{[X,e i },e i ) = -^2g(W x e' i -W ei X,e i ) = 

i i 

= Y t g{V Bi X,e i ) = -g{H,X). 

i 

In the fourth equality the fact is used that Vx(eJ,e-) = 0, and e\ denotes the 
locally defined vector fields on D' which extend the vectors ej, i = l,n. By direct 
calculation we can obtain (So)* (ip){JX) = (X_id<p)(ei, . . . ,e n ) — —a H (X). Since 
q o Sd = G, we have 

a H (X) = -G*V(JX) = -J*G*ip(X). 

Therefore 

= J*a H = G*ip. □ (2.9) 

The second structure equations of E. Cartan for the first canonical connection 
7r = (71^ -_y^ have the form 

= rf7r + 7TA7T, (2.10) 

where f2 is the curvature form for the connection tt. Taking into account 7r* = — Tr?, 
from (2.10) we have E il k k = - X)fiJ and d(£ tt£ ) = E The form ^ E ^fc is 

/c /c /c /c \z 

real and can be pulled down on M. It is called the Chern first form and denoted 
by c. By (2.6) we obtain 



difj = -2Trp*c-2d( Im^T^0 fe J. (2.11) 



For an open covering ?7 = {U a } ae i of the manifold M there exists a commutative 
diagram 

Since p*c = q*ir*c and G*tt* — i* , we have 

= -27rcU Q - 2^d(lm^T^) . 
Now, taking into account equality (2.9) and S^^q* = i* a G* , we obtain 

i* a d(3 = i* a G*di) = -2irc\ Na - 2d(s% a Im (j2 T lk d ^ ) ■ ( 2 ' 12 ) 
Thus (3 is the global 1-form on N, the expression d(Sij Im(E^-V0 ) defines the 

i k 

i,k 

global closed 2-form on the Lagrangian submanifold N and we denote it by 7. We 
have 
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Proposition 2.3. The Chern form c on the Lagrangian submanifold N in an 
almost Hermitian manifold M can be expressed by the sum 

i*c = -^d/3--j, (2.13) 

where i is the imbedding map i : N — > M, the forms (3 and 7 depend on the mean 
curvature and torsion vector form, respectively. 

Theorem 2.4. If M is a Hermitian manifold then: 

i) the form ir*c is an exact form on L(TM); 

ii) if N is a Lagrangian submanifold in M then i*c = —-^d/3; 

iii) the form ip is a closed form exactly when c = 0; 

vi) if (3 is closed on N [in particular, when N € LH(M)) then i*c = 0; 
v) if M is the Kaehlerian manifold then tp is closed exactly when Ricchi 's tensor 
is identicaly equal to zero. 

Proof. From formulas (2.11), (2.9) we have 

q*dip = —2irp*c. 

Taking into account n o q = p, we obtain 

q*(dij + 2tt -tt* c) =0. 

As q : U(M) — > L(TM) is a fibration, the above equation implies 

7r*c=--!-dV- (2.14) 
2tt 

By formula (2.14) it is clear that tp is closed exactly when c = 0. Now we recall 
that the form c on the Kaehlerian manifold can be locally expressed by the formula 
(see [12]) 

c = -!- V R r Az l A dz 1 . (2.15) 

» ,0 

Formulae (2.14), (2.15) prove assertions i), iii), v). (2.13) immediately implies ii) 
and iv). □ 

When M = CP" and N ^ CP" is Lagrangian manifold, the conditions of 
Theorem 2.4 are fulfilled for Chern forms of higher dimension on CP". This result 
follows from the well-known fact that the Chern forms on CP" are calculated by 
the formula 

Cfe=m(fc)c fc , k=l,n, m(k) e N. 
Now lat X and Y be the sections of the bundle i*L(TM) on N, where N is a 
submanifold in M. By Theorem 1.5, for every closed 1-form ip on L(TM) there 
exists a 1-form 6 on N such that 

7*[ l p]=7r* 1 [S] + k([i P },X)ax, fc(M,X)eR; (2.16) 

here i is an imbedding map i*L(TM) A L(TM) and m is the projection of the 
bundle i*L(TM). Applying X* and Y* to (2.16), we obtain respectively 

X"i*[p] - [S\; Y*l*[<p] - [S} + k([<p],X)a(i*(TM);X,Y). (2.17) 

From the above equations we have 

k([(p],X)a(i*(TM);X,Y) =Y*7*[(f] - X*T[p}. (2.18) 
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In the particular case, when i*{tp] is not a pullback class from 7f 1 (A^;R), we have 
k 7^ and therefore (2.18) can be rewritten as 

o(i*{TM)-XX) = | (7YM-IYM). (2.19) 

Thus we have proved 

Proposition 2.5. For an arbitrary closed l-form ip on L(TM) (it is assumed 
that i*[(p] is not a pullback class from H 1 (N;M.) by the map 7Ti), the Hormander 
class a(i* (TM); X,Y) can be expressed by formula (2.19). 

Proposition 2.6. If N is a manifold from LH{M) and ip is the closed l-form 
on L{TM), then 

e[i>}=k([i>},G)a G . (2.20) 
Proof. For the l-form ip and the Gaussian section G (2.16) can be rewritten as 

i*M + fc([#G)<7 G . 

Applying G* to the formula and taking into account N <G LH(M) and Lemma 2.2, 
we conclude that {5} = 0. □ 

Now let M 2n = T*Q n be a cotangent bundle and w be a canonical symplec- 
tic structure on M 2n . M 2n can be considered as an almost Kaehlerian manifold 
with the fundamental 2-form ui. There is a fixed section A of the fibre bundle 
L(TM 2n ) — ► M 2n , which is defined at every point m € M 2n as a tangent plane at 
the point m of the fibre p^ 1 (p(m)) , where p is a natural projection T*Q n A Q". 

For every Lagrangian submanifold N n M 2n , the Gaussian map G : N n — > 
i*L(TM 2n ) is defined as previously. The following definition is equivalent to Defi- 
nition 1.1. 

Definition 2.7. The cohomology class a(i*(TM);G, A) E F^iVjZ) is called 
the Maslov class of the Lagrangian submanifold N and we denote it by ctat. 

Theorem 2.8. Let N n be a manifold from LH(M 2n ). Then: 

i) ifH 1 (Q n ;R) = and ip is a closed l-form, then k([ip};A)a N = 0, k([ip],A) e 
M; 

ii) ifH 1 ^;^) = and [^] 7^ 0, then a N = 0. 

Proo/. In condition i) we have [ip] = k([tji\; A)a a so that k([ip]; A)a N — —G*i*[ip] — 

-W = o. 

If [ip}^0, then k([ip];A) ^ and ii) follows from i). □ 

Remark 2.9. When M = R 2 ™, all conditions of Theorem 2.5 are satisfied. The 
form ip is a closed l-form, more precisely, ip = d9 (see formula 2.8), where 9 
is the function from L(TR 2n ) = R 2n x U(n)/0(n) to S 1 . It is not difficult to 
calculate that in this case k([ip]; A) = 2ir. Therefore Theorem 3 in [8] (Fomenko's 
conjecture) follows from Theorem 2.8 as a corollary not only for minimal Lagrangian 
submanifolds in R 2 ™ as in [8], but already for the manifolds from LH(M) as well. 

By Remark 2.9 and Theorem 2.8 we are able to extend Fomanko's conjecture for 
the manifolds from the class LH(M 2n ). When the form ip is a closed l-form, this 
conjecture equivalently can be reduced to the exactness of the form A*[^]|jv. 
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Corollary 2.10. If M n is a Kaehlerian manifold, with i? 1 (M";M) = 7 and 
Ricchi's tensor is identically equal to zero, then for N G LH{TM n ) we have 
k([ip}, A)cfn = 0. In the particular case, where [ip\ ^ ; we have er/v = 0. 

This corollary follows from Theorems 2.4 and 2.8. 
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